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Modeling of the Reynolds Stress Transport Equation

L. Djenidi*and R. A. Antoniaf
University of Newcastle, Newcastle, New South Wales 2308, Australia

An empirical strategy for improving modeling of the energy dissipation rate €;; and the velocity—pressure gra-
dient IT;; terms in the transport equations for the Reynolds stresses is proposed on the basis of available direct
numerical simulations of the turbulent boundary layer and fully developed turbulent channel flow. The dissipation-
rate model takes into account the anisotropy of the dissipation rate not only near the wall but elsewhere in the
flow as well. When modeling the velocity—pressure gradient term, the usual split between pressure—transport and
redistributive terms is avoided. One consequence of this strategy is the elimination of wall reflection or near-wall
correction terms. Wall-topography parameters, such as the distance to the wall and wall-normal vectors, are also
absent. Calculations of a turbulent boundary layer over a smooth wall confirm the potential improvements that

can be achieved with this approach.

I. Introduction

ECOND-MOMENT closures or Reynolds stress models

(RSMs) are generally thought to be more reliable than eddy
viscosity models (EVMs) for calculating turbulent flows in general
and complex turbulent flows in particular.! RSMs provide, in prin-
ciple, greater generality than EVMs because they involve invariant
forms.2 However, to date, none of the existing RSMs is truly univer-
sal; consequently,each model needs to be tuned to individual flows.
The major problem encountered in development of RSMs relates
to how the return-to-isotropy process and the near-wall effects are
modeled. In terms of the equations used in any particularRSM, one
seeks to model the velocity—pressure gradient correlation IT;;, the
dissipation rate tensor €;;, and the turbulent diffusion 7}; [see Eq.
(1)]. These unknowns are commonly modeled with algebraic equa-
tions in terms of second-order moments and mean quantities. 7;; is
generally smaller than IT; and €;;, and it is sometimes neglected.
It is retained only in particular flow configurations, but even then
it appears to have little effect on the results.* Most of the existing
RSMs adopt a simple model for 7;; (Ref. 4). On the other hand,
calculation of the Reynolds stresses depends strongly on the way
I1; and €;; are modeled.

The velocity—pressure gradient term has been extensively studied
and several models have been proposed. Almost invariably, a com-
mon approach has been used. The expression for Il; is split into a
pressuretransportterm 77, ; and a redistributiveterm ¢;;, which is re-
sponsible for the interchange of energy between different Reynolds
stress components. Because the former term can be expressed in
terms of the triple product of fluctuating velocities,! it is incorpo-
rated into 7;;. The redistributive or pressure-strainterm is decom-
posed into two parts, which are modeled separately (see, for exam-
ple, Ref. 2). The first part (called linear or rapid part), ¢; », responds
to a change in the mean velocity gradient, whereas the second part
(nonlinear or slow part), ¢, , is physically interpreted as a return-
to-isotropy. However, although the split of ¢; may be convenient?
it may not be appropriate, especially near a wall.’> The turbulent
channel flow DNS database® seems to suggest that, at low Reynolds
numbers, I7T;; should be modeled instead of ¢;;. This is also sup-
ported by the DNS database for the canonical turbulent boundary
layer.

The second major difficulty relates to the way the average dissi-
pationrate tensor €; is handled. In most proposals, €;; is assumed to
be isotropic—althoughthis is recognizedto be incorrectneara solid
boundary and a correction is applied in this region, e.g., Ref. 8—of
the form 2€4 j/ 3, where € (—€/2) is the dissipation rate of the

Received Feb. 3, 1996; revision received Nov. 25, 1996; accepted for
publication Dec. 5, 1996; also published in 4144 Journal on Disc, Volume
2, Number 2. Copyright 997 by the American Institute of Aeronautics
and Astronautics, Inc. AINsghts reserved.

KLecturer, Department of Mechanical Engineering.

fProfessor, Department of Mechanical Engineering. Member AIAA.

450

turbulent kinetic energy k (= u;u;/ 2). Departures from isotropy of
€;; are often absorbed into the pressure-strainmodel.? Thus, the task
of modeling €;; reduces to that of determining € by its own transport
equation. Although this method may have been justifiable in the
past because of the lack of information about I'l; and €;;, it seems
no longer valid, given the availability of the DNS databases. For
example, the DNS database for the turbulent boundary layer over a
smooth wall” shows that IT; and €;; behave quite differently as the
wallis approached. The inclusionof the anisotropyof'the dissipation
rate in the pressure-strainmodel seems rather awkward in situations
where the anisotropy is relatively important. It would be preferable
to model IT; and €; separately. This would not only increase the
physical correctness of the model but also enhance its generality.

The present paper outlines a possible empirical strategy for de-
veloping an RSM for a turbulent boundary layer. Tentative models
for IT; and €; are developed with the aid of DNS for a turbu-
lent boundary layer’ and a fully developed turbulent channel flow.®
The main aim is to eliminate the use of empirical terms, which are
commonly introduced to simulate wall effects on the flow (see, for
example, Ref. 1). There are basically two reasons for developing
an RSM that is free of wall-correction terms. First, such a model
would be suitable for calculating flows over nonflat surfaces. Sec-
ond, it is difficult to devise appropriate wall-correcting terms. The
difficulty relatesto separatingthe influence of viscosity from that of
wall proximity. The viscosity effect may become significant at low
Reynolds numbers even away from a solid boundary. The proximity
of a wall imposes a damping effect mainly on the wall-normal fluc-
tuating velocity. Furthermore, all correcting terms invariably use a
distance to the wall as well as wall-normal vectors. This makes the
models unsuitable for calculating flows over nonflat surfaces—for
example, riblet flows.! Launder and Li!! proposed an RSM that
does not use wall-topography parameters in the model of ¢;;. The
presentapproach differs from theirs and allows elimination of wall-
topography parameters from the models of €;; and IT;.

The essential feature of the present strategy is the acknowledg-
ment that there is likely to be a departure from local isotropy in
second-order moments of velocity derivatives and €;;. Arguments
for abandoning the isotropic model for €; have been advanced by
severalauthors. Accordingto Reynolds,'? the dissipationrate tensor
shows no tendency to become more isotropic as the Reynolds num-
ber increases. By examining the transport equation for €;;, Durbin
and Speziale!® argued that, strictly, local isotropy is not a formally
justifiable hypothesis—regardless of the Reynolds number—if the
mean rate of strain is not zero. This latter condition is certainly vi-
olated near the wall; the channel flow DNS databases suggest that
€; approaches isotropy (without necessarily reaching it) only as
the channel centerline is neared.’ For the boundary layer, the DNS
database of Ref. 7 indicates that, even in the outer region, €;; does
not reach isotropy.'* It seems that there is a need to account for this
anisotropy to improve the performanceof second-momentclosures.
Accordingly, a nonisotropic form of €; is proposed (Sec. II.A) on
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the basis of DNS databases. These databases suggestthat one should
model IT; rather than its components, i.e., the pressure—transport
and redistributiveterms. Thus, the focus, here, is on IT;; (Sec. IL.B).
The proposed models for €;; and IT;; are empirical models and, as
such, lack mathematical rigor. We believe that this is not too criti-
cal because we are mainly concerned with testing new ideas at this
stage.

Calculations of a turbulent boundary layer incorporating these
models in an RSM are presented and compared (Sec. IV) with ex-
perimental and numerical data.

II. Modeling of €;; and I;
The transportequations for the Reynolds stresses may be written
in shorthand form (e.g., Refs. 5 and 12):

(DI Dtyw;u; = Py + T+ Dy + I, _€; (1)
where D/ Dt — 0/ 3t + U,d/ dx; and the terms on the right-hand
side are as follows (the notation is essentially that of Ref. 5):

P = _(uuy l_]jk + ujuy l_]i.k) Ty = _(uzujup) i

Dy = (uitt;) s I, = _(uip; +u;ps)
E,'j = zm

P, isthe productionrate, T} is the turbulenttransportrate, D;; is the
viscous diffusion rate, IT; is the velocity—pressure gradient term,
and €; is the dissipationrate.

For reasons discussed earlier, we concentrateonly on I'l; and €;,
noting that P;; and D;; do not require modeling. A simple form for
T;; (Ref. 4) is used in the present work:

T, = [Cx(k/ E)ukue(uiuj).e]_k
where C; = 0.22.

A. €ij
Most of the current models for this term are of the form

Eij = ﬁ(eij)n\t' + (1 —_— ﬁ)(eij)o (2)

where (€;;),, and (€;;)o are models of €;; that apply within and out-
side the near-wallregion, respectively,and f, representsa weighting
function that is equal to 1 near the wall and zero a short distance
away from the wall.

The form of (€;;),, should satisfy the limiting wall behavior of
the dissipation rate tensor.

Launder and Tselepidakis® proposed the following, tensorially
correct, model for (€; ),
€ Ujll; + UjUn ;Mg + U U + NN jUsUeNyTg

€j)nw = T
(€) k 1+ %(upuq/ kyn,n,

(3)

where 7y, is the unit vector (0, 1, 0) normal to the wall. Expression
(3) satisfies the correct asymptotic behavior® (in the limit y __, 0)
and contracts properly (€;; = 2€) wheni = j. Equation (3) hasalso
been used by Lai and So,! with f; (or f,| in their notation) given
by

Je = exp[(Rr/150)*] 4)

where Ry = k?/ ve is a turbulence Reynolds number. Launder and
Tselepidakis® avoid Ry, using instead

fe = exp(_2042) (5)

where 4, = 1+ 9L + 3IL). Il, (= —bixbw/2) and III,
(= birbrebgT3) are the second and third invariants of the Reynolds
stress anisotropy tensor b;; — u;u;/ 2k _ &,/ 3 (the notation is the
same as in Ref. 2). As the wall is approached, the turbulence tends
toward a two-component state (v2 is much smaller than u? or w?)
and the invariantstend to satisfy the relation % + 317+ 1= 0 (ie.,
the upper boundary on the anisotropy invariant map).!® It follows
that 4, (Launder and Tselepidakis® refer to it as a flatness parame-
ter) approaches zero so that f. __, 0, as required by the formulation
in Ref. 2. Launder and Tselepidakis (see also Ref. 9) suggested that

it may be desirable to consider invariants of the stress dissipation-
rate tensor. If the dissipation-rate anisotropy tensor is denoted by

d;;, where

di; = (E,»j/ZE) _(§j/ 3) (6)
a parameter 4; — 1 + 9(II; + 31II;), with II; — _dy.di;/2 and
Il; — d;;diedel 3, can be introduced in similar fashion to 4.

For (€;)o, a relatively standard approach is to assume (local)
isotropy for €;;, namely,

(€)o = %E@' (7

As noted in the Introduction, there does not seem to be any
evidence—either experimental or based on the DNS data—in sup-
portof (7). Even at the centerline of the channel, €;; exhibitsa small
but discernible departure from isotropy (e.g., Ref. 17). The DNS
data of Spalart’ indicate (see Ref. 14) that, in the outer region of the
boundary layer, although the magnitudes of I, and III; decrease
as the Reynolds number increases they do not vanish at the high-
est Reynolds number of the simulation (Ry = 1410). Reynolds'?
observed the same trend from the DNS data of Rogallo (reference
given in Ref. 12). Mansour et al.> noted that the relation

di; = by (8)

provides better agreement with the DNS channel flow data of Kim
etal.® than dissipation-rate models that use (7). Mansour et al.’
pointedto the similarity between invariantmaps of d;; and b;; as sup-
port for (8). Cross plots (not shownhere) of d;; vs b;; (fori —j =1,
2, 3), based on both boundary layer (see Ref. 14) and channel flow
DNS data, show that, outside the near-wallregion, the generaltrend
may be roughly approximated by
di; = ob;; (i=j=123) (9a)
which may be thought of as a linear approximation to the nonlin-
ear algebraic model for €; (expressed in terms of b;;) developed
by Hallback et al.!® Strictly, the constant of proportionality should
depend on the Reynolds number, preferably a local Reynolds num-
ber such as Ry (amay depend on other parameters). Using scaling
arguments similar to those used by Tennekes and Lumley'® and
Lumley,?® Antonia et al.'* obtained
d; = IORT_%b,»j (i=j=123) (9b)
Equation (9b) is not satisfactory near the channel centerline or the
edge of the boundary layer; nordo they apply in the near-wallregion.
Because as y __, 0, Eq. (8) becomes more appropriate at least for
i=j=1landi = j = 3, the form

dij = O, bi; (%90

where o, = min(l, IOR;M) is used in the present calculations.
In light of these observations, the following model is suggested for
E,'j:

€; = 2€[0r, by + (8;/3)] (10)

This form has two interesting features: 1) it is valid throughout the
layer and 2) it thus avoids the use of a rather arbitrary bridging func-
tion between inner and outer regions. Note also the elimination of
the wall-normal vector, which should, in principle, make the model
suitable for nonplanar surfaces. On the other hand, it gives an in-
correct limiting behavior for €y, at the wall (€, = €/ ku3 instead
of 4€/ ku3). This, however, should not be too critical from a calcula-
tion viewpoint because €,, satisfies the limiting behavioronly when
yt is very small (y* < 1), a region mainly governed by viscosity.
In any case, trying to enforce the asymptotic wall behavior at the
expense of obtaining only approximate results away from the wall
seems unwarranted. Also, formulation (2) can be used if necessary;
for example, in the present case (see Ref. 14),

€= S + 261 _ [10R 0, + 5,/9] (A

Distributions obtained with Eq. (10) compare relatively well with
the boundary layer DNS data (Fig. 1). The DNS dataof Ref. 7 (Rp =
1410) have been used in this figure and all subsequent figures for
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Fig. 1 Four components of the dissipation rate tensor (Rp = 1410):
, present model [Eq. (11)] and O, DNS (from Ref. 7).

developingmodels of €; and I;;. Note, however, that the near-wall
model of €;; (particularly when i — j = 2) needs to be improved.

Equation (10) applies only for i = j = 1, 2, 3; it does not, in
principle, apply for i = 1, j = 2. However, Fig. 1d indicates that
Eq. (10) provides a reasonably good approximation for €, when
Qr, = min(2, IOR;M)A Although the use of different values of
O, inthe near-wallregion (i.e., 1 for the diagonalterms of dissipa-
tion tensor and 2 for €;,) is arguably not justifiable, the motivation
was to obtain a correct limiting behavior of €, at the wall. Fur-
thermore, calculations using the near-wall value of 1 for o, forall
the components of €;; did not produce noticeable differences in the
results. This is of interest because the model should be relevant to
nonplanar surface flows, given the scalar value of o, .

B. II;
Model for T1;;

The DNS channeldata’® suggest that one should model I'T; rather
than its components(the pressure-transportand redistributiveterm).

Thus, the focus here is on I'l;; and the approach is much more empir-
ical than mathematical. The starting point is the transport equation
for b;;:

D _ 1 Ui Ui
Dtbij— k[(Pij— % Pkk) +(1_Iij— % HAk)

_(e,j_%ekk)] (12)

where the viscousand turbulentdiffusionterms have beenneglected.
Because I, is almost zero in the outer region of the flow (see
Refs. 5 and 7), the term [IT;; _ (Tuj/Zk)Hkk] can be assimilated
with IT;;. As a first step toward a more elaborate model, IT; is
modeled as follows:

Uuu; Uuu;
Hj:CI(Eij—z_kjEkk) _Cz( Pij—z_ijkk) (13a)

Equation (13a) can be rewritten in the following form:
II; = _Cieby; + Cledy; _Co( Py _18; Pu) + Cibyj Py (13b)

The first and second terms on the right-handside of Eq. (13b) are
identified with the slow part (or return-to-isotropy), and the third
and fourth terms are identified with the rapid part. These parts will
be symbolically represented as IT;; and IT; ,, respectively. IT;
reduces to Rotta’s?! model when C{ = 0 (i.e., local isotropy), and
IT; > reducesto Launderetal.’s?? [isotropization-of-poduction(IP)]
model if C4 = 0.

Analysis of the Model

The present formulation for I'l; | recognizesthat the components
of the turbulentenergy dissipationrate may not satisfy isotropy (i.e.,
€; %& ;€); the latter would be especially true in the near-wall
region. This is an important departure from the standard approach
for modeling the return-to-isotropy (e.g., Ref. 12). Arguing that
differences observed between experiments and calculations based
on Rotta’s model are due to differences in the structure of small-
scale turbulence, Reynolds'? conjectured that b;; and d;; should
be coupled and suggested that d;; would assist b;; in returning to
isotropy. We observe that the present form of IT;; |, namely,

is consistent with this process.

Classically, the return-to-isotropy term is improved by adding
nonlinearterms in Rotta’s model (see, for example, Ref. 2). Such a
procedureassumes that the observed discrepancies between experi-
ments and Rotta’s model are due to effects that are nonlinearin b;;.
It could also be that the nonisotropic character of the small-scale
structures causes the return-to-isotropy not to be correctly repro-
duced in b;; only. The dissipation tensor d;; may well be included
in any attempt to model the return-to-isotropy process. This is sup-
ported by the fact that d;; can be of comparablemagnitudeto b;; (see
Ref. 14). Note that, from a modeling point of view, nonlinear (as
well as linear) terms in b;; can be introduced in the expression for
IT;;, throughthe modeling of d;; [Egs. (10) inRef. 14]. Substitution
of Eq. (9¢) for d;; in Eq. (14a) yields

I, = _(C, _Clog,)€b;; (14b)
The expression for the rapid part I'l; ,, i.e.,
IT;, = _Cy( P, _éﬁijk)+ Cib;j Py (15a)
can be recast into the form
0> = K[C23Sij + C3(biaSjk + bSiu —58,buSu)
+ Ca(bix €2 + b1 2y) + CSbijkaSkl] (15b)

where

_1{ayu;,  oU, _1{au;, oU,
Sij_z(an + 5x,) and -Qij_Z(axj - 5x,)
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Fig.2 Fourcomponents of the velocity—pressure gradient tensor (Rp =
1414): , present model [Eq. (20)] and O, DNS (from Ref. 7).

This expression bears a resemblance to ¢, ,, where terms that are
cubic in b;; have been neglected (see, for example, Refs. 5 and 9).
For the present study, however, (15a) is preferred to (15b). The for-
mer expressionis equivalentto that for ¢;; , developed by Launder®
when only the first and second terms are considered.

Substitutingthe forms (14b)and (15a) intothe transportequations
forthe Reynoldsstresses[Eq. (1)], one finds that the two-component
limit constraint is satisfied when C; = C{(=1). The realizability
condition (u; = 0 leads to Du;u;/ Dt = 0, no summation on i)
is also satisfied for the present type of calculation (boundary layer
flow). Thus, the final form for IT; is

I_Iij = _Cl(l _aRT)Eb,'j _Cz(}),'j _%ﬁjP]\k) + Cfb,'ijk (16)

This form satisfies symmetry and continuity conditions.

Figure 2 compares the distributions of IT; calculated with Eq.
(16) (where C; = 1 and C;, = C4 = 1) and I [where [T =
—(u;p_; + u;p;)isobtained from the DNS Reynolds stress budgets
of Ref. 7]. There is generally good agreementbetween I'T;; and T[S

1-0 T T T T

0.0 | | 1 ]
0 100 200 300 400 500

y+

Fig.3 Coefficients C,’ in Eq. (21).

for y* - 40 (y* » 80 wheni = j = 2). Note that, although it
is not meant to wofK in the near-wall region, the model reproduces
the trend (except when i = j = 3) of the DNS data in that region.
Note also that the asymptotic behavior of IT; as y* __ 0 is in
reasonable agreement with that exhibited by the DNS data, except
for i = j = 3. This indicates that, although empirical, (16) is a
potential candidate to model I'T; throughoutthe layer. In that case,
there would be no need to introduce (near-wall) correctingterms and
the modelshould be suitable for nonplanarsurfaces. However, it was
found that calculations with C, = Cj = 1 did not yield reasonable
results when the Reynolds number changed significantly between
inlet and outlet conditions. In that case, new values for C, and Cj
would be needed.

From a numerical point of view, it is worthwhile comparing (15a)
with the IP model for ¢;; ,. Matching the form (15a) (where C, =
C}4 = 1) with the IP model implies that the coefficient in the latter
model can be defined as

bij Pk

Cli=1_—"4*
: Pij—%&ijk

(7

= C)
is a scalar whose numerical value changes with the Reynolds’ jstresz s
components. Figure 3 shows plots of C) fori = j = 1,2,3 and
i = 1, j = 2. C; has anearly constant value across the layer [near-
wall values of C;j are meaningless because (15a) is, in principle,
not valid in that region]; but it differs for different Reynolds stress
components.

For the present purpose, it seems reasonable to model I'T;; » as

It is important not to confuse the scalar C5’ with a tensor C2;

I, = —ng(Bj —%ﬁj Pu) + C/;jbij Py (18)

where the values of CY are deduced from Fig. 4. C}” is determined
in Sec. I'V.

III. Assessment of the Proposed Models
of €;; and IT;;

The proposed models of €; and IT; rest on empirical arguments
based on DNS data only. It is clear that the outlined strategy de-
veloped here lacks mathematical rigor and the models are not ten-
sorially invariant. In that respect, the present models for €; and
IT;; can be taken only as suggestions, which, we believe, are worth
testing. To this end, we assess whether the models are suitable for
calculating a turbulent boundary layer over a smooth wall.

A. Boundary and Initial Conditions: Numerical Method

The present models for €;; and I'l; were introduced in an RSM
to calculate a zero-pressure gradient, two-dimensional turbulent
boundary layer. The equations of conservationof mass and stream-
wise momentum are

oU o

I + E =0 (19)
- T - T 2_
gl U _ \2U o) (20)

ox dy = 02 Jy
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Fig.4 Mean velocity and Reynolds stress distributions: ——, present
model Ry = 5100; ———, Launder and Shima’s?*® model; and —-—, DNS
(from Ref. 7, Ry = 1410).

The boundary conditions are U; = wu; = 0 and 0€/dy =
0—although not strictly correct, 06/0y = 0 was preferred to
€. = 2W0k"%/dy)? to reinforce numerical stability—at the wall;
0U,/dy = Ou;u;/dy = 0€/dy = 0 at distance y > S5 (Jis the
boundary layer thickness). The DNS?® data for U, u;u;, and € at
Ry = 670 were used as initialdistributionsto startthe computations.
A control finite volume procedure is used for the discretization of
Egs. (1),(19),and (20) based on an orthogonalmesh and a staggered
grid. The solution procedure is an x-marching method, where the
finite volume scheme was used at each step in the x direction. The
discretized system was solved with the modified strongly implicit
algorithm of Schneider and Zedan?*; 140 nodes were used across
the layer with a substantial proportion of these points in the region
»* «10; the first node was at about y* = 0.2.

B. Results
For clarity, we summarize the models for €; and Il; developed
in the previous sections:

€ = 2€[ Ok, bij + (8;/3)] (21)
I_Iij = _C1(1 _OlRT)Eb,'j _C;j(P,j _%éjpkk) + C!jb,'jpkk
(22)
where
1
mm( 1, 10R;2) (i—j=1273)
Ory = 1 -
mm( 2, 10R;2) (i=1,j=2)
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Fig.5 Mean velocity and Reynolds stress distributions (Rg = 2800):
broken lines, calculations with C; = %(C%l +C2+ 33 + C12); solid lines,
calculations with Cz”; and symbols, experimental results of Erm.3

C, = 1,C1' = 0.73,CP = 0.65,C = 0.85, and CI* = 0.79.
Calibration of the model for I'T; with the DNS data of Ref. 7 pro-
duced

€ = C/\J4y exp[_(0.0067Rr)*]

Preliminary calculations showed that the magnitudes of C,, Cl!,
and C7? should decrease in the near-wall region to reduce the level
of IT;; this was achieved with the use of the function f, = 1 _
exp[(0.0067 Ry)?]; for C3, fr, = 1 _exp[(0.004R;)?].

The turbulent kinetic energy dissipation rate was taken from the
€ equation of Kawamura.?

Turbulent Boundary Layer on a Flat Plate

The main objective here is to ascertain whether models (21) and
(22), empirically developed, can produce reasonable results, par-
ticularly in the near-wall region. The calculated mean velocity and
Reynolds stress distributionsare compared in Fig. 4 with those ob-
tained by Launder and Shima’s?® model and the experimental data
of Purtell et al.>” (Rg = 5100). Calculations with our present model
follow both Launder and Shima’s?® and Purtell et al.’s*’ data quite
closely.

To ascertain the near-wall region calculation, we included the
DNS data of Ref. 7 at Ry = 1410. The comparison between data
at Rp = 5100 and 1410 should be treated with caution because of
low Reynolds number effects, which extend well into the sublayer®
However, in the sublayer, these effects are less significant between
Ry = 1410 and 5100 than those observed when Ry varies between
300 and 1410. In this context, the agreement between our present
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calculation and the DNS data in the near-wall region seems rea-
sonable. This is rather encouragingbecause no near-wall correcting
terms have been introduced in the present calculation. Generally,
the calculated near-wall distributions of the Reynolds stresses re-
produce the DNS data fairly well. Only when i — j = 3 do our
calculated Reynolds stresses show significant discrepancies in the
region3 «y* 25 .Thesediscrepanciescan be reducedif the coef-
ficient C5¥is rediced in the same way as C} ! and C32. This, however,
causes the limiting behavior of w2 to depart from that in the DNS
dataas y* __,0. -
It can be argued that because the value of the coefficient C5/
changes with the Reynolds stress components, the model of IT;;
is dependent on the wall geometry or the system of the coordinates
used. To remedy this defect two options are available: one can either
developa tensor form for C5 orreduce it to a true scalar, that is, C5/
must be independentof all combinationsof 7 and ;. For the present
purpose, the second solution is sufficient. Because the values of C;/
do not show significant differences, C, is approximated as follows:
C=2Cl+ CP+CP +CP)
This yields C,=0.755. This approach, previously used by
Tavoularisand Karnik,?° contrasts with the more common one (see,
for example, Ref. 8) for determining C, in the model of ¢;;. The
results of the calculation (Rg = 2800) are compared in Fig. 5 with
Erm’s® data at the same Ry. Clearly, there are no major changes
relative to the previousresults. It is plausible that an optimum value
of C», which minimizes these changes, could be found by trial and
error.

IV. Concluding Remarks

An empirical strategy for developing an RSM for boundary lay-
ers has been outlined and applied on the basis of available direct
numerical simulations of a turbulent boundary layer and a fully de-
veloped turbulent channel flow. The main focus is on the dissipation
rate €; and velocity—pressure gradient I, terms of the Reynolds
stress transport equations. Intrinsic in this strategy is recognition of
a departure from local isotropy when modeling €;; and IT;.

A feature of the proposed model for €;; is that the anisotropy
of €; is taken into account not only in the near-wall region but
everywhere in the layer. This feature was also used in modeling I'l;;,
where the usualsplit into pressure—transportand redistributiveterms
is avoided. Neither near-wall correction terms nor wall-topography
parameters such as the normal-to-the-walldistance and wall-normal
vectors are used. RSMs that incorporate these features should, in
principle, be suitable for calculating nonplanar surface flows and
therefore represent a significant improvement over current RSMs
for near-wall turbulence calculations.

The present models for €;; and Il;; have been includedinan RSM
to calculate turbulent boundary layers over a smooth surface. The
calculated mean velocity and Reynolds stress distributionscompare
well with those calculated with an existing RSM and experimental
data. Also the near-wall behavior of these quantities is in general
agreement with the DNS data. In particular, the wall-blockingeffect
on the wall-normal component of the velocity fluctuation is well
captured. This is encouraging consideringthat there is no near-wall
correction term in the I;; model.

More generally, the present study shows that, aside from elim-
ination of arbitary near-wall correction terms, new, albeit ad hoc,
strategies in turbulence modeling are possible. We recognize, how-
ever, that the present proposals for €; and IT; lack generality and
mathematical rigor; as such, they should be treated only as a first
step toward more improved modeling.
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